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EQUATIONS 



SCIPIO CUCCAGNA AND TETSU MIZUMACHI 

Abstract. We consider nonlinear Schrodinger equations 

iut+ Au + l3{\u\^)u = 0, for {t,x) G R x R'', 

where d > 3 and /3 is smooth. We prove that symmetric finite energy 
solutions close to orbitally stable ground states converge to a sum of a 
ground state and a dispersive wave as t — *■ oo assuming the so called 
Fermi Golden Rule (FGR) hypothesis. We improve the "sign condi- 
tion" required in a recent paper by Gang Zhou and I.M.Sigal. 



1. Introduction 

We consider asymptotic stability of standing wave solutions of nonlinear 
Schrodinger equations 

f iut + Au + I3(\u\^)u = , for (t, x) G M x W^, 
(NLS) <^ 

[ n(0, x) = uo{x) for x G M"^, 

where d > 3 and P is smooth. 

In this paper, we discuss the asymptotic stability of ground states in the 
energy class. Following Soffer and Weinstein [3l], the papers [21 [3l SI [71 
|8l [261 [23 [321 [351 [Ml [37] studied the case when the initial data are rapidly 
decreasing and the linearized operators of (jNLSp at the ground states have 
at most one pair of eigenvalues that lie close to the continuous spectrum. 
Cases when the linearized operators have many eigenvalues were considered 
in [M]. One of the difficulties in proving asymptotic stability is the possible 
existence of invariant tori corresponding to eigenvalues of the linearization. 
A large amount of effort has been spent to show that "metastable"tori decay 
like t~^^^ as t — > CX3 by means of a mechanism called Fermi Golden Rule 
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(FGR) introduced by Sigal [29] and by a normal form expansion. Recently, 
thanks to a significant improvement of the normal form expansion, Zhou 
and Sigal [35] were able to prove asymptotic stability of ground states in 
the case when the linearized operators have two eigenvalues not necessarily 
close to the continuous spectrum. In a different direction, Gustafson et 
al. [TS] proved that small solitons are asymptotically stable in H^(M.'^) if 
d > 3 and if the linearized operators do not have eigenvalues except for the 
eigenvalue. Recently, [231 121] extended [T8| to the lower dimensional cases 
(d = 1,2). The papers [IHl [23l El] utilize the endpoint Strichartz estimate 
or local smoothing estimates. 

In the present paper, we unify the methods in [35] and [18] and show 
that the result proved by [45] in a weighted space holds also in H^{M.'^). 
Furthermore, our assumption on (FGR) is weaker than [35]. [35] assumes a 
sign hypothesis on a coefficient of the ODE for the discrete mode. See |44j 
for a conjecture behind this assumption. By exploiting the orbital stability 
of solitons, we show that it is enough to assume the nondegeneracy of the 
coefficient, without any need to assume anything about its sign. 

To be more precise, let us introduce our assumptions. 

(HI) /3(0) = 0, /3 e C°°(M,]R); 

(112) there exists a p € (1, ^^1) such that for every A: = 0, 1, 

<\vr'-' if|H>l; 

(113) there exists an open interval O such that 

(1.1) AU-UJU + f3{v?)u = for X G M"', 

admits a C-^-family of ground states (puix) for to £ O. 
We also assume the following. 
(H4) 

(1.2) A||<^^||2^^^,p0 forcoeO, 

(115) Let L+ = — A+cj — /?((/)^) — 2/?'((/)^)(/)^ be the operator whose domain 
is ^^^^^(M'^). Then L+ has exactly one negative eigenvalue and does 
not have kernel. 

(H6) For any x G M.'^, uo{x) = uo{—x). That is, the initial data uq of 
([NLS]) is even. 
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(H7) Let be the linearized operator around e^^^cf^ui (see Section 2 for 
the precise definition). has a positive simple eigenvalue A(a;) for 
uj eO. There exists an iV G N such that N\{lo) < uj < [N + l)\{u)). 

(H8) (FGR) is nondegenerate (see Hvpothesis 13.51 in Section 3). 

(H9) The point spectrum of -ffo; consists of and ibA(Lij). The points ±lo 
are not resonances. 

Theorem 1.1. Let d>3. LetujQ G O and (pujoi^) c- ground state of (jl.ip . 
Letu{t,x) be a solution to (jNLSp . Assume (H1)-(H9). Then, there exist an 
eo > and a C > such that if e := inf^g[o,27r] ll'^o — ^^^(PujWh^ < ^o, there 
exist L0+ G O, 9 G C"'"(IR;IR) and hoc S with ||/ioo||_h"i + — f^ol < C'e 
such that 

lim \\u{t, •) - e*^W0^+ - e**^/ioo||Hi = 0. 

Remark 1.1. Under the assumption (H1)-(H5), it is well known that the 
standing waves are stable (see [6l [HI [171 ESI SO] and the references in |5]). 

Remark 1.2. Ground states of (II. ip are known to be unique for typical 
nonlinearities like j3{s) = s^^-^^/^ or /3(s) = s(p-i)/2_s(g-i)/2 (gee [l31|2ll[22] 
and [H]). The assumption (H5) is satisfied for those cases (see [I9l [22]). 

Remark 1.3. Hypothesis (H9) is generic because resonances and embedded 
eigenvalues can be eliminated by perturbations following the ideas in |lllll2j . 

Remark 1.4. Hypothesis (H8), that is Hvpothesis 13 . 51 in Section 3, probably 
holds generically. 

Remark 1.5. Hypothesis (H6), that is the symmetry assumption uo{x) = 
uo{—x), can be dropped maintaining the same proof, if we add some inho- 
mogeneity to the equation, for example a linear term V{x)u. In particular 
our result holds in the setting of |45j . 

Remark 1.6. Theorem 11.11 supports the conjecture by Soffer and Weinstein 
in [33] about the sign in " dispersive" normal forms for 1 dimensional Hamil- 
tonian systems coupled to dispersive equations, since we prove in our case 
that the sign is the expected one. 

Conclusions similar to Theorem 1.1 can be obtained allowing more eigen- 
values for the linearization, replacing (H7)-(H9) with: 

(H7') has a certain number of simple positive eigenvalues with < 
NjXj{uj) <uj < {Nj + l)Xj{uj) with Nj > 1. 
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(H8') The (FGR) Hypothesis ES] in Section 5 holds. 

(H9') -ffoj has no other eigenvalues except for and the ±Xj{uj). The points 
zbu; are not resonances. 
(HIO') For a multi indexes m = {mi,m2, ■■■) and n = (ni, ...), setting A(tj) = 
(Ai(a;), ...) and (m — n) • A = Y^{mj — nj)Xj, we have the following 
non resonance hypotheses: (m — n) • A(u;) = implies m = n and 
(m — n) • A(u;) 7^ cj for all (m, n) 

Theorem 1.2. T/ie same conclusions of Theorem 1.1 hold assuming (Hl)- 
(H6) and (HT)-(HIO'). 

Remark 1.7. The (FGR) Hypothesis [O] is an analogue of the (FGR) in 05] 
and is a sign hypothesis on the coefficients of the equation of the discrete 
modes. In particular it is stronger than Hypothesis 13.51 In the case Nj = 
1 for all j, one can replace Hypothesis 15.21 with an hypothesis similar to 
Hypothesis 13.51 in the sense that it is known that if certain coefficients are 
non zero, then they have a specific sign. 

Remark 1.8. If we do not assume (H6), the solitary waves can move around. 
This causes technical difficulties when trying to show asymptotic stability 
in the energy space. However the results of this paper go through if we 
break the translation invariance of ()NLSp by adding for example a linear 
term V{x)u{t, x) as in ^45j or by replacing the nonlinearity by V{x)l3{\u\'^)u, 
for appropriate V{x). 

Remark 1.9. The result in [45j is restricted to initial data satisfying a cer- 
tain symmetry assumption and to an ()NLS|1 with an additional linear term 
V{x)u{t,x) with V{x) = V{\x\). The argument of Theorem 1.2 can be used 
to generalize the result in [35] to generic, not spherically symmetric, V{x) 
and for initial data in not required to satisfy symmetry assumptions. 
The case when V{x) is spherically symmetric is untouched by our argu- 
ment, because in that case the linearization admits a nonzero eigenvalue 
which is non simple. 

Remark 1.10. Theorem 11.21 is relevant to a question in [33j on whether in 
the multi eigenvalues case the interaction of distinct discrete modes causes 
persistence of some excited states or radiation always wins. Theorem 11.21 
suggests that the latter case is the correct one. 
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Remark 1.11. Theorems 11.11 and 1 1 . 2 1 can be proved also in dimensions 1 and 
2 extending to the hnearizations the smoothing estimates for Schrodinger 
operators proved in [23l[2l]. See [9l [T3]. 

Remark 1.12. Theorem 11.21 seems also relevant to critical Schrodinger 
equations with a spatial inhomogeneity in the nonlinearity treated by Fibich 
and Wang [15j, in the sense that if certain spectral assumptions and a (FGR) 
hold, it should be possible to prove that the ground states which are shown to 
be stable in [15], are also asymptotically stable, at least in the low dimensions 
d = 1,2 when the critical nonlinearity is smooth. 

Remark 1.13. The ideas in this paper can also be used to give partial proof 
of the orbital instability of standing waves with nodes, even in the case when 
these waves are linearly stable, see [lO] . 

Gustafson, Nakanishi and Tsai have announced Theorem 1.1 in the case 

= 1 for the equation of [35j where some small ground states are obtained 
by bifurcation. Our proof is valid in their case and has the advantage that 
can treat large solitons and the case where eigenvalues are not necessarily 
close to the edge of continuous spectrum. 

Our paper is planned as follows. In Section 2, we introduce the ansatz 
and linear estimates that will be used later. In Section 3, we introduce 
normal form expansions on dispersive part and discrete modes of solutions. 
In Section 4, we prove a priori estimates of transformed equations and prove 
Theorem 11.11 In Section 5 we sketch the proof of Theorem 11.21 In the 
Appendix, we give the proof of the normal form expansion used in Theorem 
1.1 following [3 His]. 

Finally, let us introduce several notations. Given an operator L, we denote 
by N{L) the kernel of L and by Ng(L) the generalized kernel of L. We denote 
by Rl the resolvent operator (L — A)^^. 

A vector or a matrix will be called real when all of their components are 



real valued. Let (x) = ^/l + jxp and let Ha be a set of functions defined by 

every k € Z>o| . For any 



Banach spaces X, Y, we denote by B{X,Y) the space of bounded linear 
operators from X to Y. Various constants will be simply denoted by C in 
the course of calculations. 
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2. Linearization, modulation and set up 

Now, we review some well known facts about the linearization at a ground 
state. We can write the ansatz 

(2.1) =e^^W(0^t)(x)+r(t,x)), = f uj{s)ds + j{t) 

Jo 

Inserting the ansatz into the equation we get 

in = - Ar + a;(t)r - (3(^1^,-^ )r - (t)^ 

- P'i^lit))^litf + iit)Mt) - Mt)d^(t>^^t) + j{t)r + 0(r2). 
Because of r, we write the above system. Let 

"^=(? i) '"^=(-. o) '"^=(i -i) ' 

H{u) = H^fl + V^,R = Xr, f), = <l)^). 
Then ()2.2|) is rewritten as 

(2.4) iRt = H^^t^R + asjR + a37$^(t) - «c:;a^^>^(i) + M, 

where 

=a3{/3(|$^ + R\^/2){<^^ + R)- /3(|^>^|V2)$^ 

- 9^/3(1$^ + V2)(^.. + eii) |,^o} = OiR^) as i? ^ 0. 

The essential spectrum of if^ consists of (— oo, — w] U [w,+cx)). It is well 
known (see [ID]) that under the assumption (H3)-(II6), is an isolated 
eigenvalue of H^j, dim Ng{H^j) = 2 and 

Since H* = a^H^us, we have Ng{H*) = span{^^, asd^^^j}- Let £,{lu) be a 
real eigenfunction with eigenvalue X{uj). Then we have 

H^u) = A(c^)e(cu), H^ai^io) = -X{u)ai^{u). 

Note that {^,(7^^) > since {aH^^-, ■) is positive definite on^Ng{H*). 
Both (p^ and ^(a;, x) are smooth in lo £ O and x G M'^ and satisfy 

sup e"l''l(</>^(x)| + |C(t^,x)| < oo 



for every a E (0, inf^^g^ic y/uj — A(u;)) and every compact subset /C of C 
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For cij G O, we have the //^-invariant Jordan block decomposition 

(2.5) l2(ir^, c^) = Ng{H^) e ( e± n{h^ ^ x{lo))) e lI{h^), 

where Ll{H^) := {Ng{H*) e {(S±N{H* ^ X{lo))} . Correspondingly, we 
set 

(2.6) Rit) = z{t)aoj{t)) + 4t)aiC{u;{t)) + f{t), 

(2.7) i?(t)G^7V,(F:(,)) and f{t)eLl{H^^t)). 

By using the implicit function theorem, we obtain the following (see e.g. 
|25j for the proof). 

Lemma 2.1. Let I be a compact subset of O and let u[t) he a solution to 
(jNLSp . Then there exist a (5i > and a C > satisfying the following. If 

5 := sup \\u{t) - e*^>a;oll/fl(K'') < '^1 
0<t<T 

holds for a T > 0, an luq G I and a 6q £ M., then there exist -functions 
z{t), uj{t) and e{t) satisfying (pJj) . ([2:6]) and ([277]) forO <t <T, and 

sup (|z(t)| + \uj{t) - cool + \dit) - Oo\) < C6. 

0<t<T 

Remark 2.1. Let e and Eq be as in Theorem 11.11 and let 5 and 6i be as in 
Lemma |2.1[ By (H4) and (H5), we have orbital stability of e*'^°*(/>i.Jo 
follows that 

sup iWfmm + \z{t)\ + \io{t) - uJo\) < e. 

t>0 

(See [39j and also [30j.) Thus there exists eo > such that 

inf \\u{t) - e''''0a;J|/^i < 5i/2. 

By continuation argument (see e.g. |25|), we see that there exist z £ 
CH[0,oo);C) and uj, 9 £ C^{[0,oo);R) such that ([MD and ([22]) are sat- 
isfied for t G [0, oo). 

Substituting ([2J]) into ([231), we have 

(2.8) ift = {H^it)+cT3j)f + l + Af, 
where 

+ (zA(w(t)) - ii)^{uj{t)) - {zX{uj{t)) + it)f7iC(u;(t)) 

+ asj{zC{io{t)) + zcTie(a;(t))) - iio{zdM^{t)) + zai5<^e(c^(i)))- 
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We expand M in (f2?2|) as 

(2.9) 2<|m+n|<2Af+l l<|m+n|<Af 

+ ouifW'^u. + nr-') + om\f\')f\) + Oioci\z^^^'\), 

where Am,n{^) and Am,n{^) are real vectors and matrices which decay hke 
e""!^! as \x\ oo, with aiAm,n = -^n,m and Am,n = -criAn,mCri- In 
the sequel, we denote by Oiodg) terms with g multiplied by a function 
which decays like e"*^'^'. By taking the L^-inner product of the equation 
with generators of Ng{H*) and N{H* — A), we obtain a system of ordinary 
differential equations on modulation and discrete modes. 



where 

^ =diag {d\\(j)^\\l2/duj, -d\\cl)^\\l2/duj, {^^asC)) 
+ 0{\z\ + \\e-''\-\fh2). 

Finally, we introduce linear estimates which will be used later. Let Pd^^) 
be the spectral projection from L^(M'^,C^) onto Ll{H^) associated to the 
splitting (f23]) . 







^ iiJo \ 




(2.10) 


A 
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\iz — Xzj 





Lemma 2.2 (the Strichartz estimate). Let d > 3. Assume (H3)-(H9). Let 
to & O and k E Z>o. Then 



(2.11) 



for any 99 G L^(M''; C^), and 
ft 



(2.12) 
(2.13) 



Pc{uj)g{s)ds 







<I|V'^5L. 



Li 



fl r2 I r2r2d/(d+2) , 



2r2d/(d+2) 



L?°L2nL2L2d/(d-2) 



rlr2 I r2 7-2d/(d+2) 



for any g G Ljll + L^L^ 



Proof. As is explained in Yajima |421 [l3j . Lemma 12.21 follows from the 
Strichartz estimates in the flat case and 1^'^'P-boundedness of wave oper- 
ators and their inverses. Specifically, let l^(a;) = lim^^oo e~**^"e**'^^^~'^+'^). 
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By mm, 

W{lo) : VF'='P(M^; C^) ^ W^'P{R'^; C^) n ^Ng{H*) 

and its inverse are bounded for k G NU{0} and I < p < oo. By e~^''^'^ Pc{uj) = 
Wiuj)e'*''^^^-'^^W-^iio) and by Keel and Tao ^20], we obtain (j2lT]l - (f2J3D . 

□ 

By our hypotheses and by regularity theory, the map uj ^ V^j which 
associates to uj the vector potential in (j2.3p . is a continuous function with 
values in the Schwartz space 5(M'^;C^). The following holds also under 
weaker hypotheses. 

Lemma 2.3. Let si = si{d) > be a fixed sufficiently large number. Let 
K, be a compact subset of O and let I be a compact subset of {co, oo) U 
(— oo, —a;). Assume that w — > is continuous with values in the Schwartz 
space iS(M'^;C^). Assume furthermore that for any uj ^ O there are no 
eigenvalues of in the continuous spectrum and the points =ba; are not 
resonances. Then there exists a C > such that 

||(x)-^^e-*^-*i?H.(/i + ^0)P,(a;)<7||L2(K.) < || (x)^^5|Il2(r.) 

for every t > 0, e I , uj £ JC and g e S{R'^; C^). 

We skip the proof. See [8] for d = 3 and / C (01,00), see also [33j. The 
proof for d = 3 and / C (—00, -co) is almost the same. Finally for d > 3 a 
similar proof to [5] holds, changing the formulas for i?_A(/^ + iO). 

3. Normal form expansions 

In this section, following [45j we introduce normal form expansions on the 
dispersive part /, the modulation mode cj and the discrete mode z. 

First, we will expand / into normal forms isolating the slowly decaying 
part of solutions that arises from the nonlinear interaction of discrete and 
continuous modes of the wave. 

Lemma 3.1. Assume (H1)-(H9) and that e^, > in Theorem \Ll\ is suffi- 
ciently small. Let a G (0, ini^^jc \/u} — A(u;)). Then there exist <I>^n(w) G 
HaiR'^, M^) n Ll{H^) for (m, n) G Z>o with m + n = N +1 and ^'m,„(a;) G 
Ha{R'^,M.'^) n Ll{H^) for (m,n) G Z>o with 2 < m + n < N such that for 
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t > 0, 
(3.1) 

(3.2) 



fit) = fN{t) + Yl '^m,ni^it))zitrzit)-, 
2<m+n<N 



iPc{vo{t))dtfN - [H^(t) + Pc{uj{t)h{t)a3) In 

m+n=N+l 



where Mn is the remainder term satisfying 
(3.3) 



Wn\ <(kr+' + \zfN\ + |/ivp)e-'^l^l + 1/^1^+^/'^ + \M(^+'y('^-^) 



/a^IIlz + ||e" 



a\x\/2 



fN\\Hi)e 



-a\x\ 



Before we start to prove Lemma l3.H we observe the following. 

Lemma 3.2. Suppose (H1)-(H9) and that e^, > is a sufficiently small 
number. Then for t >0, 



(3.4) 

+ 0(|^|2iV+2^|,g-aN/2^||2^^)^ 

where p{x,y), q{x,y), r{x,y) are real polynomials of degree (2A^ + 1) satis- 
fying 

\p{x,y)\ + \q{x,y)\ + \r{x,y)\ = 0(x^ + y^) 







(p{z,z)\ 




^{fi (^m,n 
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q{z,z) 




{f -1 13m,n 




\iz — Xz J 




\r{z,z)J 


l<m+n<N 


\{f,lm,n 





as {x,y) (0,0) and am,n{^), Pm,n{^), 
with < a < inf^;g;c ^JuJ — X{u}). 



n Ll{HZ) 



Proof. Let us substitute dZj]) into (pH)]) . Since M{R) = 0[R^) as R ^ 0, 
the resulting equation can be written as (j3.4p . The components of the 
matrix A in (j2.10p are given by real linear expressions of z, z and {f,^^^), 
{f,crduj^uj) and (/, o"3^). Hence it follows that p{x,y), q{x,y), r{x,y) are 
real polynomials and am_„(u;), Pm,niuj), lm,nioj) e ?^a(IR'^; IR^)- Since / £ 
Ll{H^), we choose am,n(w,a;), /3m,„(a;,x) and 7m,n(w,a;) in Ll{H*). □ 

Proof of Lemma \3.1[ We will prove Lemma [3.11 bv induction. Let fi = f 
and let 

(3.5) fk+iit) = fk{t)+ zitrWr^'niU^it)) for 1 < A: < AT - 1, 

m+n=fc+l 
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where O 3 lo ^ ^m,n(w) ^ HaiM.'^ ,M.'^) n LI{H^) is in uj. We will choose 
^Snl'^) so that for A; = I,-- - ,A^, there exist ^>^^,l(w) G ?^a(M'';K^) n 
Ll{Hi^) {m, n G Z>o, m + n = A: + 1) and TVfc G L1{H^) such that 

(3.6) p,MiatA-(i7^ + PeM>3)A= d>(^)„Mz™z"+A4, 

m+n=A:+l 

3.7 

I \ ~,\\\ ^—o-m f II I II^^i^Kk/S^ ||2 \—a\x\ 

By dZEl), dZSl) and Lemma [321 there exist ^>^(w), ^'S^J(w), ^o^2(^) ^ 
7^a(K'^;K^) n L^(Fa;) such that 

P,{u:){l+N) = + <I>g(w)|zp + +M, 

and 

IMI <e--\''\{\zf + [z/l + + mf?)f\ 

+ e-'^l^l|z|(|z|||e-'^l^l/||i2 + ||e-'^N/2/||?^i). 

Thus we have (I3.6P and (13. 7p for A; = 1. 

Suppose that there exist $^^^„ G HaiM!^ ■,^^) n L^{H^^t)) satisfying (fOj) 
and (j3.7p . Substituting (j3.5p into (j3.6p . we have 

(3.8) 

iPc{uj)dtfk+i - {H^ + 7cr3)/fc+i 

m+n=fc+l 

+ ^"^(i^c.-(m-n)A)^WnM+ E ^'"^'^'SnM 

7n+n=A;+l m+n=k+l 

- Yl {rnz'^-^z'\ii - Xz) - nz"'z''-\ii - Xz)^ "^l^U"^) 

m+n=fc+l 

Put 

^^^liu:) = -RuSim - n)A)cI>W,(^). 
Then by (13. 4p . the right hand side of ()3.8p can be rewritten as 

E <+^H^)^™^"+A4+i 
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for some G LI{H^) D Wa(M'^;K^) {m, n G Z>o and m + n 

and A/fc+i satisfying 

I-A4+1I <(kl'+' + k/fcl + [Af (/fcr')e-"l"l + 

+ k|(k|||e-'^l^lM|^2 + ||e-"N/2/fc||^i)e-"l"l. 
By (HI) and (H2), 

Thus we have (|3.3p . 

Let /at = Pc{uJo)fN and 

(3.9) /jv+i = /jv+ Yl ^ffiH)^"^", 

m+n= Af+l 

where 

*ffi(wo) = -RH^,{{m - n)A)cI>W (wo) for \m - n\ < N 

(3.10) ^!fi,oK) = -iiH., {{N + 1)A + iO)cI>(;5,_o(^o), 

^S+iC'^o) = -i?H.J-(iV + l)A + iO)cI>(5+,(a;o) 
To simphfy (j3.4p . we will introduce new variables 

cD := a; + P(2;, z) + ^ z'"z"(/Ar, am,„(a;)), 

l<m+7i<Af 

z:=u; + Q{z,z)+ ^ Z™z"(/7V, /3m,n(w)), 
l<m+n<7V 

where P{x, y) and (5(a;, y) are real polynomials and cim,n) 

Lemma 3.3. Assume (H1)-(H9) and that is sufficiently small. Then 
there exist a polynomial P{x, y) of degree 2N + 1 satisfying P{x, y) = 0(x^ + 
y^) as {x, y) (0,0) andctmA^) ^ L'^ciH*)r\naiR'^;R'^) such that fort > 0, 

(3.11) ii; = 0(|z|2^+2 + ||e-'^l^l/2/7V+i|li2) fort>0. 

Lemma 3.4. Assume (H1)-(H9) and that is sufficiently small. Then 
there exists a polynomial Q{x, y) of degree 2N+1 satisfying Q{x, y) = 0{x'^ + 
y2) as {x,y) (0,0), and Pm,n{^) ^ Ll{H*) n na{^'^;M.'^) such that for 
t > 0, 

iz-Xz= ^ am{i^,(^o)\z\'^'"z + Z^ifN+lHo^Ni^)) 

(3.12) l<m<Af 

+ 0(|z|2^+2 + |le-'^N/V^+i||i.), 



= k + 2) 



□ 
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where am{uJ,u!o) (1 < m < A^— 1) are real numbers, and^^^ 

Lemmas 13.31 and 13.41 can be obtained in the same way as [45j. See Ap- 
pendix for the proof. 

Now, let us introduce our assumption on (FGR). Let 

T{u),u]q) := 3=aAr(a;,a;o)- 

Hypothesis 3.5. There exists a positive constant T such that 

inf |r(w,w)| > r. 

Under the above assumption, we have the fohowing. 

Lemma 3.6. Assume (H1)~(H9) and that e* > is sufficiently small. Then 
there exist a positive constant C such that for every T > 0, 

< C (!z(T)|2 + \ziO)\' + £ \\e-''\^\/'fN+imh^^.)dt 

Proof. Choosing smaher if necessary, we may assume that \T{uj{t),uJo)\ > 
r/2 for every t >0. Multiplying (13.121) by z and taking the imaginary part 
of the resulting equation, we have 



d IzP 



(3.13) dt 2 

+ 0(|zp^+3 + |z|||e"'^N/V^+i||i.)- 

By the Schwarz inequality, we have for a c > 0, 

(3.14) |9^^+i(W,7J53(-))| < l\zr^' + C||e-H/VA^+i|li.. 
Combining (j3.13p and (|3.14p . we obtain Lemma l3.6i □ 



4. Proof of Theorem 11.11 
To begin with, we restate Theorem 11.11 in a more precise form. 

Theorem 4.1. Assume (H1)-(H9) and that d > 3. Let u be a solution of 
(|NLSp . U = \u,u), and let ^m,n('^) as in Lemma \3.1\ Then if e^, in 
Theorem \l.l\ is sufficiently small, there exist C"^ -functions uj{t) and 9{t), a 
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constant L(J+ G O such that supi>o \^^it) — wqI = 0{e), lirrif^+oo = uj+ 
and we can write 

Uit,x) =e^^W'^^ (^^^^t)ix) + zmicoit)) +J{t}aiC{oj{t)) 



+ e 



2<m+n<Af 
m,nSZ>o 



with 



f 2JV+2 



Furthermore, there exists foo € i7^(M'^,C^) such that 



lim 



= 0. 



Theorem 14.11 shows that a solution to (jNLSp around the ground state can 
be decomposed into a main solitary wave, a well localized slowly decaying 
part, and a dispersive part that decays like a solution to iut + Au = 0. 

To prove Proposition 3.1, we will apply the endpoint Strichartz estimate. 
Let T > and let 

Zt = L^{0,T;L\R'^;{x)~^''dx)), 

where si is the positive number given in Lemma [2.31 To prove Theorem 14. H 
we need the following. 

Lemma 4.2. Assume (H1)-(H9) and assume that e^, is sufficiently small. 
Then there exists a C > such that for every T >0, 



IInWxt + IIV/atIIxt 



<Ce + C sup {l + \u;{t) -uJo\ + \z{t)\)\\z\\%\2 
(4.1) o<t<T 

+ C ( sup \zit)\ + WInC^^'^'A iWfNWxr + l|V/^||x^). 
\0<t<T j 

Lemma 4.3. Assume (H1)~(H9). Let si he as in Lemma \2.3\ and let e^, > 

be a sufficiently small number. Then there exists a C > such that for every 
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r > 0, 



WfN+lWzr + W^fN+lWzr 

L2JV+2 



<Ce + C sup {\Lj{t)-ujo\ + \j{t)\ + \z{t)\)\\z^^^+^ 



0<t<T 

^^■^^ + C ( sup \z{t)\ + ||/Ar||^^°^''^M (WMxr + \NfN\\Xr) 

\0<t<T J 

+ C sup |z(t)|^(i|/jv+ibr + ||V/^+i||zr)'. 

0<t<T 

As in [3l[8], let P+{uj) and P-{uj) be the spectral projections defined by 
P+{i^)f = ^ [ {Rh^{X + iO) - RhS^ - m fdX, 

P_{u:)f = ^ [ {RHjx + iO)-RHjX-iO)}fdX. 
2v^^ Jx<-uj 

To apply the Strichartz estimate (Lemma I2.2p to (j3.2p . we will use a gauge 
transformation introduced by [3] and give a priori estimates for the remain- 
der terms. 



Lemma 4.4. Assume (H1)~(H9) and that e^, is sufficiently small. Fort > 0, 

m+n=N+l 



(4.3) 



(4.4) 



idtfN+i = [H^o + {0- c^o)(P+(c^o) - P-{uJo))) fN+i 

+ J\fN+l+SfN+l, 

where 

Mn+i =(iV + 1) {z^iiz - Xz)^^^+'l{u;) - z^iii-Xz)^i''+^liu;)] 

-{9- u;o)(P+(a;) - P_(^))(<+to^''^' + </+i(^)^"''^')' 

and 

(4.5;^ 

\Wn\\yt + \W^n\\Yt + \Wn+i\\Yt + \\VMn+i\\yt 

< sup {\u:{t)-u;o\ + \zmM-- 



0<t<T 



I L2N+2 



+ sup (la^(t)-.^o| + k(i)l) + ll/iv|lxr^''^M (||/iv|U^ + ||V/^||x^). 

Vo<t<T / 
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To obtain Lemma 14. 4^ we need the following, which holds also under 
weaker hypotheses. 

Lemma 4.5 ([8j). Assume that uj ^ V^j is continuous with values in the 
Schwartz space 5(M'^;C^). Assume furthermore that for any u> £ O there 
are no eigenvalues of in the continuous spectrum and the points ztw are 
not resonances. Then 

\\Pc{u))(T^ - {P+{uj) - P-{uj))\\b(Li,Lp) < Cp,q{uj) < OO. 

for any p E [1,2] q € [2,oo), where Cp^q{uj) is a constant upper semicontinu- 
ous in u). 

Proof of Lemma \4.4\ By a simple computation, we have (|4.3p and (j4.4p with 

^ o 

Mn = Pci^o)J^N + (JA/at, TViv+i = a/at + Mn+i, where 
5Mn =Pc{ujo) {idjdM^) + - ^o) {Pciuj)a3 - P+(wo) + P-i^o))} fN 

m+n=N+l 

and 

Mjv+i = Yl {rnz"^^^z'^{iz - Xz) - nz'^z^-^iz - Xz)'^ ^l^+'^\uJo) 



m,nGN 
m+n=Ar+l 

-{0- cuo) 



Y (P+M-P-M)^ffi(^o)^ 



m,n€N 
m+?i=A''+l 

Applying Holder's inequality to (|3.3p . we have 

IIA/Arllyj, <^sup^|z(t)| (^llzll^jj^+ij^Q^^^ + II/tvIIxt) 

d+4 4 

+ \\fNfx^ + \\fN\\x% +ll/iv||x^||/jvr-' ^ . 

L°°(0,T;Ld-2) 

Similarly, we have 

IIVA/Wlly^ <^sup^|z(t)| (lkllSi+i)(o^r) + WfNWxr + llV/ivlUr) 



4 



+ l|V/jv||x^ WfNWxr + WInWI^ + ||/7Vr-' 

V L°°{0,T;L^) 

See [18] for the details. By (j2.1Up . we have 

|tj| + \6 -uj\ + \iz - Xz\ < [zp + ||/Af|P 2d ■ 

Ld-2 
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2d 2d 



From the definition, it is obvious that d^jjPdoj) € -6(^^+2 , ^^-2 ). Thus by 
Lemma 14.51 it follows that 

/I /,m2 , II p/,Mi2 \ II II 



||W^||y^ + ||V5A/',v||y:,< sup (k(t)l' + ||/jv| 



0<t<T 



+ sup \u:{t) - ujq\ {\\A\l2{n+i)^q^t) + II/tvIUt) • 



0<t<T 

Similarly, we have 

\WN+l\\YT + \\^^N+l\\YT<MLiN+2),nT)+ sup \z{t)f\\fNfx^- 

^' ' 0<t<T 

Combining the above, we obtain ()4.5p . Thus we complete the proof. □ 
Proof of Lemma \4.2\ Let f± = P±{^^o)fN and 

It follows from Lemma 12.21 that there exists a C > such that 
(4.6) ||C/±(-,s)(^||x^ <C||(^||,.2 

for every T > 0, s e R and ip £ L'^{W^), and 



(4.7) 



U±{t,s)g{s)ds 







< C\\g\\Yr 



for every T > and 5 S 5(M'^+^). 

By Lemma |4.4|, 
(4.8) 



/±(t) = C/±(t,0)/±(0)-i fu^{t,s)\ O 



u;o)^™^"+A/'iv 



In view of Lemma [27T] and the definition of f±{t), we have ||/±(0)||/^i < e. 
Applying (g^l) and (gZI) to ^3^, we have 

ll/±(i)l|x, + llV/±(t)|U, 

<ll/±(o)||Hi + lkll 

(4.9) <e+ sup (1 + |u;(t) -a;o| + |z(t)|) ||z||;^2V+2 

0<t<T 

+ ( sup \z{t)\ + \\fN\\xT''A (ll/ivlU, + ||V/^|U,). 

\0<t<T J 

By the definition of Pc{uj), 

(4.10) \\fN-fN\\m < |c^-a;o|||e"'^'"'/iv||L2. 
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Substituting (I4.10p into ()4.9p . we obtain ()4.ip . Thus we complete the proof 
of Lemma 14.21 □ 

Proof of Lemma \4.3\ Let h±{i) = P±(u;o)/Ar+i- Using the variation of con- 
stants formula, we have 

rt 



h±{t) = /7±(t,0)/i±(0) -i / U±{t,s){NN+i +MN+i)ds. 

Jo 

Put h±(0) = /io,i,± + ^o,2,±, where 

V2,± = /±(o)+ Yl ^S(^o)^(ori(or. 



m+n=N+l 
m,n>l 



Note that *S(0) € -H'Mf m, n > 1, whereas ^'SJ2i,o(0) ^'o!iv+i(0) 
not belong to L^. 

Since si > 0, we have ||/||zt ^ II/IIxt- Applying (I4.6p and (14. 7p . we have 

\\U±{t,0)ho,2,±\\zT + l!VC/±(t,0)/lo,2,±||zT 
<\\U±{t,0)ho,2,±\\xr + l|VC/±(t,0)/lo,2,±|Ur < e, 



■AN) 



and 



< 



U±{t, s)J\^N-^.lds 









+ 


V /" C/±(t,s)A/'Ar+i(is 




Zip 


Jo 




+ 


V /" C/±(t,s)7VAf+i(is 






JO 





< sup (|a;(t)-wo| + |2(t)|)|k||i'2V+2 
o<i<r 



+ ( sup \z{t)\ + \\fN\0''~A (li/TvlU, + ||V/^|U,) 
\0<t<T J 

in the same way as the proof of Lemma 14. 2[ 

By Lemma 12.31 and the definition of ^y^;^ o(0) and ^o^+i(0), we have 

||C/±(t,0)/io,i,±bT + i|VC/±(t,0)/io,2,±||zT 



< 



L2(0,T) 



<£ 



It follows from Lemma 13.21 that 



|ii-Az|<|z|2 + ||e-«l"l/2/^+i 



|2 
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Thus by Lemma \T3[ 



E 

i=0,l 
t 



+ 






Jo 



V [ U±{t, s)MN+ids 
Jo 



< 



L2(0,T) 



£\\4L2N+2(nT)+ sup (II/at+iIIzj, + IIV/at+iIIzt) 

^ ' ' 0<t<T 



Combining the above, we obtain ()4.2p . 

Now, we are in position to prove Theorem Il.ll and l4.1[ 



□ 



Proof of Theorems and \4-l\ Since e 



is orbitally stable. Lemma 



and Remark 12.11 imply that 



snp{\z{t)\ + \uj{t)-uJo\ + \W)\)<^- 
t>o 

We have 

(4-11) ||/Af|ll4^fe.P ^ ||/Af||vK*'P 

for every k £ Z>o and 1 < p < oo because 

ll/iV - /Aflliyfc.P = \\{Pc{^^) - Pc{^^o))fN\\wk.i 



< 



^ — ^o\\\jn\\w>''P- 



Thus by Lemmas 13. 6( 14.21 and 14.31 it holds that for every T > 0, 

(4.12) lkl|^'2V+2(o,T) ^ £ + WfN+lWzr + ||V/^+i|U^, 

ll/Af IUt + IIV/atIIxt 
^^■^^^ <e + \\4l21\2^o,t) + + WfNWxf'''^) iWfNWxr + l|V/iv|U,), 

Zj" 

(4.14) <e + s\\z\\^,l\,^^^^^ + (^e + \\fN\\xr^''~'^^ (ll/^vlk^ + ||V/^||x^) 

Let A > be a sufficiently large number. Adding (|4.13|) to (j4.14p multiplied 
by A and substituting (j4.12p into the resulting equation, we have 



InHXt + IIV/atIIxt + -^{WfN+lWzr + II V/at+i |1zt) 

''(||/Af||xT + IIV/atIIxt) + ^^(ll/Af+l||zT + IIV/at+iIIzt)^ 



+ II/jv|Ixt 



min(l,|) , 
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Letting T — > oo, we obtain 
(4.15) ll/jvl' 



(4.16) 



a— Z t 



Since i is bounded from (|2.1U|) . it follows from (j4.16p that limt_*oo z{t) = 0. 
Furthermore, Lemma 13.31 (j4.15p and ()4.16p imply that there exists an tj+ £ 
O such that 

lim u}{t) = lim u)(t) = loj^. 

t—^oo t^oo 

Thus we prove Theorem ll.il 

Finally, we will prove that is fN{i) is asymptotically free as t ^ 00. Let 
U(t,s) = U+{t,s) + U-{t,s) and t2 > h > 0. Lemma [12] and ([33]) yield 
that as ti ^00, 



U{0,t2)fN{t2)-U{0,h)fNiti) 
*i {m+n=N+l ) 

Hence there exists /oo G //^(M'^) such that 



•0, 



lim ||/;v(t)-C/(t,0)/oo|bi =0. 
For g G (2, ^), we have 

lim ||/^(t)||L. = lim ||C/(t,0)/oo||L. =0. 

By the definition of /at and /at and ()4.1ip . 

Il/7v(t) - fN{t)\\m =\\{PM - Pc{^o))fN\\m 

<\u - UJQ\\\fN\\Li < WfNWhi 0, 

as t ^ 00. Combining the above, we have by the definition of 0) 

lim \\fN{t) - e*[{*-o-eW+e{o)](P+{..o)-P-H))g-^tH.„ j^ii^^ ^ o_ 

t— >+oo 

Consider the strong limit W{ujq) = limf /-oo e**^'^o e***^^~'^o)'^3 and set 
/oo = W(c.o)-^e^'W(^+(-«)-^-(-"))/oo. 
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Notice that since e^^'^"'^^ is a unitary matrix periodic in t and e^^^^^^fo 
describes circle in L?, we have 

Since ||e**-^"o ||^oo5(^2(^^^)_i2(^^^^)) < 1, LemmaE^l imphes 
the above hmit imphes 

Since W{ujq) conjugates i/^^o into cj3(— A + wq), we get 

Thus we get the foUowing, completing the proof of Theorem I4.lt 



lim 

f— >+oo 



= 0. 



□ 



Corollary 4.6. If Hypothesis [J75\ holds, then T{uj,lo) > T holds. 



Suppose we have T(iJ,uJo) < —T/2. We can pick initial datum so that 
/jv+i(0) = and z{0) e. Then from Lemma [4.31 we get H/at+iUzt + 
IIV/at+iIUt < C'e^ for any T for fixed C > 0. Then integrating (|3T3]) we 
get 



For large t \z{t)\ < [^(0)[ since z{t) 0, so for large t we get /q = 
o(e^). In particular for t ^ oo we get < o(e^) which is absurd for e ^ 0. 

5. Proof of Theorem 11.21 

We will provide only a sketch of the proof. The argument is essentially 
the same of Theorem 11.11 However, when we select the main terms of the 
equations of the discrete modes we have more than just one dominating term. 
Since these dominating terms could cancel with each others, the situation 
is harder than the one in p.lSp . We resolve all problems by assuming 
Hypothesis 15. 21 which is very close in spirit to the (FGR) hypothesis in [45j . 
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The eigenvectors Xj{uj) have corresponding real eigenvectors nor- 
mahzed so that {Cj^cr^^i) = 6ji. cJi^(a;) generates N{Hi^ + A(u;)) . The 
(,j{uj) can be chosen real because H^^ has real coefficients. The functions 
{uj,x) G O xR'^ ^ Cj{^,x) are C^; \^j{uj,x)\ < ce~"l^l for fixed c > and 
a>0iiiJGKcO,K compact. S,j{uj^x) is even in x since by assumption 
we are restricting ourselves in the category of such functions. We order the 
indexes so that A'^i < < • • • • we set 

R{t) = {z.i + z- aii) + f{t) G [ N{H{t) T A,(t))] Ll{H{t)) 

where z ■ = ^j^j- -^-^ sequel we use the multi index notation = 
Y\j . Denote by N the largest of the A'^- . Given two vectors we will write 
"o^ < b if aj < bj for all components. If this happens we write Ht < b if we 
have Qj < bj for at least one j. We will set (m — n) • A = Ylji^ ~ We 
will denote by Res the set of vectors M > 0, with integer entries, with the 
property that M ■ X > uj and if Mi < M then Mi ■ X < uj. Then we have: 

Theorem 5.1. Assume (H1)-(H6), (HT)-(HIO') (in particular Hypothesis 
\5.S\ below) and that d > 3. Let u be a solution of (INLSh . U = \u,u). Let 
^m,n{^) £ 5(M'^,M^) be the vectors rapidly decreasing for \x\ — s- oo, with 
real entries, and with continuous dependence on uj. Then if is sufficiently 
small, there exist -functions uj{t) and 9{t), a constant loj^ € O such that 
sup(>g — ojq\ = 0{e), limt_++oo a;(t) = w+ and we can write 

U{t, x) =e''^')-' (<I>^(,) (x) + at) ■ a^{t)) + W) ■ cTia^it))) 

+ e^e(t).3 ^ ^^A^mitrWT + e^'^'^^-'fNit, x), 

2<\m+n\<N 
\(m—n)-X{uj)\<u! 

with for a fixed C > 

M eRes 

Furthermore, there exists /+ € H^{W^,C'^) such that 

We consider k = 1,2, ...N and set f = fk and Zf^j^-jj = Zj for k = 1. The 
other fk and -Z(fc)j are defined below by induction. 

EoDE{k)= Yl {0(kSl') + 0(^S/fc)}+0(/|) + 0(/3(|/,|Vfc)). 

MeRes 
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In the PDE's there will be error terms of the form 

EpDE{k)= 0,oc(k(ik)|'^|)N(fe)l + Oioc(^(ik)/fe) + 0(/fc') + 0(/3(IMVit))- 

For k = 1, fi = f and = zj thanks to (2.9) we have 

2<|m+n|<2iV+l l<\m+n\<N 

(5.1) 

TV 

|m|=l fe+l<|TO+n|<2iV+l 

+ E ^wffc)^ffn(^)A + ^ODE(A;),a3e,-) 

l<\m+n\<N 
idtfk = (i^o; + C^ST) /fc + EpDE{k) + 

+ E -Rm?n('^)^o?)^rfe) (sum over pairs with \{m - n) ■ \\ < u) 

k+l<\m+n\<N+l 

+ E ^m,l(^)^(fe)^(fe) P^'''^ - n) • A| > w) 

2<|m+n|<Af+l 



with 9 



= and 

A^^-'^, and A^''„ real, rapidly decreasing in x, 



(5.2) 

continuous in {ui,x), with aiii^-'^ = —Rn}n ■ 

We set fi = f and, summing only over {m,n) with |(m — n) • A| < w, we 
define inductively fk with k < N hy 



\m+n\=k 

By crii?^,n^^ = --Ri^m^\ by [cri, Pc(iJt^)] = 0, by the fact that -Rm,n^^ is real 
and by aiH^ = —H^ai, we get cri/fe = f^. Summing only over {m,n) with 
Xj{uj) ^ {m — n) ■ A(a;), we set 



zTl .,z? 



|m+n|=fe ■' ^ ' 
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By induction fk and solve ()5.ip and (15. 2p . At the step k = N, we can 
define 

Cj = Z(N),j +Pj{z(N),^{N)) X] ^(Ar)^fAr)(/Af, "imn) 

(5.3) 

i^ = C^ + 9(C,C)+ E C'^C{fN,/3mn), 

l<\m+n\<N 

with: ajmn and (3mn vectors with entries which are real valued exponentially 
decreasing functions; pj polynomials in (z(jv))^(7V)) with real coefficients and 
whose monomials have degree not smaller than + 1; q a polynomial in 
(C) C) with real coefficients and monomials at least quadratic. The above 
transformation can be chosen so that with 

ii = {Epde{N),'^) 

iCj - XjiioXj = Yl «j,m(c^)|C|'0 + {EoDEiN), a3^j) + 

(5.4) l<\m\<N 

+ E r(<J(^)/iv,cT3e,). 

Now we fix luq = a;(0), set H = H{uj{0)) and rewrite the equation for /tv, 

idtPc{iOo)fN = {H + {e- a;o)(P+(u;o) - P-{^o))} Pc{^o)fN+ 
(^•^^ +P,{u:^)Epde{N)+ E ^c(^o)^S(^o)rC 

2<|m+n|<Af+l 

where in the summation |m + n| < implies \{m — n) ■ \\ > uj and with 
(^5.6) 

EpnE{N) = Epde{N) + E ^^(^o) (^ffiC'^) " ^ffi(^o)) rC+ 

2<\m+n\<N+l 

+ 0- ujo) (Pc(c^o)cT3 - (P+(c^o) - P-{^o))) In + {V{uj) - V{loo)) In 
+ {9- iuo) {Pc{io) - Pc{u;o)) asfN. 

Next, recall H = H(uj{0)), we set 

(5.7) 

fN = - E i?H((m-n)-A(u;o) + iO)Pe(w)iiKMrC + W 

2<|m+nj<Af+l 
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where m the summation |m + n| < imphes \{m — n) ■ X\ > lu. Substituting 
in (|5.4p we get 



ioj = {Epde{N),<^) 

N+l 

l<|m|<A'' n+SjGRes \m+n\>2 

(4^)Mi?H((m - n) • A(^o) +^0)PeMi?i^l(a;o),^30) + 

Substituting in ()5.5p . where k = N, and writing as in (15. 6p we get 

i5tPe(a;o)/7V+i = + - a;o)(i^+(^^o) - i^-(^o))) PcK)/7V+l + 
(5.9) + E O(|Cll™+"l+^)i?H((m-n).AM+i0)i?SM 

2<|m+n|<Ar+l 

+ Pc{ujo)Epde{N) 

where 0([Cl'™+"'+-^) = 0(|C*^CI) with M G i^es for the factors in the above 
sum. In (j5.8p we ehminate by a new change of variables = Cj +Pj(C) C) the 
terms with not of the form IC^lCj- The pj{z,'z) are polynomials with 

monomials ^^z""*"" which, by (m + n) ■ X > uj, are 

O(z^0 for Af G i?es. This 
implies Ea/gRes IIC*^(*)IIl2 ^ EMeRes IIC*^(*)IIl2- In the new variables 



(5.10) 



l<\m\<N m+SjeRes 

(45(^)i?j^(m • A(a;o) + Xj{u;o) + iO)Rl^ls^^,{o,o),a3^,{u)) 



with OjYm, ^nd R^^^j. g real and with all the m such that m + 6j G i?es. 



We can denote by rm+<5j j(w, wq) the quantity 
(5.11) 

rm+<5j,i('^,t^o) = ^> (^{A^rli^)RHim ■ X{uJo) + Xj{uJo) + iO)Rl^lg^ ^Q{uJo)a3(,j{uj)) 

= ^{A^^i{u:)5{H - m ■ A(u;) - X,{u:))P,{u:o)d^Lo{u^)a3iM) 
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Then 

|2 



d 101 



r^+5,,,(a;,^o)irC,f + + 



dt 2 

(5.12) 

Q( E (4!2M/iv+i,^3e,M)rc, + (i?oDi?(iv),^3e,M)c,)- 

Notice that (I5.12|) contains more terms than ()3.13p and that the signs of 
Tjn+Sjj now matter. Denote by Resj the subset of Res which have at least 
1 in the jth component. We assume the following hypothesis: 

Hypothesis 5.2. For m E Res let J{m) = {j : m £ Resj}. There is a 
fixed Cq > such that for |2;| < e 

m&Res j(:J{i^) m&Res 

Assuming Hypothesis 15.21 we obtain Theorem 15.11 proceeding along the 
lines of the proof of Theorem 1.1. 

Remark 5.1. It is possible that a formula of the following form might be 
true 



(5.13) ie-'M 

= Cm{5{H^ - m . A(a;))i?L^)(a;), a3i?!^i(a;)) 

for some constant Cm > 0. It is elementary to show (j5.13p if we replace 
^o^_5. with ^o,m-6j and R^^o with Rmfl, from the Taylor expansion in 
(|2.9p . For = 1 this yields Theorem 1.2 substituting the Hypothesis 15.21 
with a generic hypothesis similar to Hypothesis 13.51 Indeed if A^ = 1 it is 
easy to see that ^g^'' = ^0,5^ a-^id Rs^^s^ o ~ -^<5j+<5fc,o- To get (|5.13p in the 
general case, one should exploit the Hamiltonian nature of (jNLSp which has 
been lost in our proof. 

Appendix A. Appendix 

Proof of Lemma \3.3[ Following the idea of [H Proposition 4.1] , we will trans- 
form (13. 4|] into ()3.1ip and ()3.12p by induction. Let uji = lo and let 

(A.l) a;fc+i = a;fc+ ^ {fN.at]n{.^))z^z^. 

m,n.>0 
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We will determine d^;„(w) G Ha(M'',M^) so that 

(A. 2) 2<m+n<2N+l k+l<m+n<N 

for k = 1, - ■ ■ N. For = 1, Eq. (|A.2p follows from Lemma 13.21 Further- 
more, we have bm]n{uj) = -bn}n{uj), am]n{uj) = an,m{i^) and aiam]n{(^) = 
— ari,m,(w) because a; is a real number and 

(A.3) = aifN. 

Suppose that (IA.2[1 . that LOk is a real number, and that 

(A. 4) are real numbers with 6^^„(u;) = —b^l^{Lo), 

(A.5) q(^)„(u;)gW,(M^m2), c7ia(^)„(a;) = -ag)„(u;) 

are true for k = I with / < N. 

Differentiating (jA.ip with respect to t and substituting (j3.4p . (j3.6p and 
()A.2p with A; = / into the resulting equation, we obtain 



m+n=l 



m+n=l 



2<m+n<2Af+l m+n=l 



m+n=l \p+l=N+l I 



m+n=l 

+ 0(|zp^+2^||e-'^l-l/ViV+i||?,i). 

Put am^n{uj) = RH*{{n — m)X)am^n{t^)- Then by Lemma [3?2l the definition 
of A/tv and 

1^1 + + \ii _ Xz\ + lle-'^NA/Wki < + ||e-'^'^'/2/7V+i||?,i, 

it holds that ()A.2p with /c = Z + l is true for some €M(2<m-|-n< 
2iV + l) and Q^^ijn^^ (w) G ■^^(K''; M^) nL2(if;) (m + n = / + Note that TVat 
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can be expanded into a formal power series of z, z and /at whose coefficients 
are real. 

By the definition of dm,n, (|A.5P with k = / and the fact that a\il^^a\ = 
—Hi^, 

(A. 6) fJiag„(a;) = a^^^^i^). 

From (|A.3p . (IA.6jl and (|A.2p for A; = Z + 1, we see that a;;+i is a real number 
and that (IXil) and (TOI) are true for k = I + 1. Thus we prove 

(A. 7) 2<m+n<2Af+l 

where (w) are real numbers satisfying bi!^^n^\u>) = — &n^^^(c<j). In 

particular, we have bi!^ri~^^ = for n = 1, • • • , A^. 
Using 

|(^m-„) ^ ^m-n |_^^(^ _ ^) ^ o(j^|2 ^ ||g-a|.|/2^ || 2 ^ ) | ^ 

we can find a real polynomial ^(a;, y) of degree 2A + 1 such that 

uj = ujN+i +p{z,z), 
u) = (J[\z\ + ||e I " /at+iIIj:^! j. 

Thus we complete the proof. □ 

Proof of Lemma \'J.4\ Let zi = z and 

(A.8) Zk+i = Zk+ {fN,l^^]n{^))z'^z^ for = !,■•• ,Ar. 

m+n=k 

For /c = 1, • • • , A^ + 1, we wih choose 7^?„ G 'Ha{M.'^; M^) n L2(F;) such that 
izk - Xzk =rk(zk,zj^) + {fN,7'-''\z)) 

(A.9) 

j-nrU |2Af+2 I lU-a x /2 ||2 \ 
+ (^(l^fcl + \\e ' " jAf|lj:/l j, 

where is a real polynomials of degree 2A + 1 with rk{x, y) = 0{x^ + y^) 
as ^ (0,0), 



' J] T^'U'"^" forfe = l,... ,A, 

k<m+n<N 

^i^^z"" io,k = N + l, 
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and 7^i(a;) G HaO^'^^M?) n LI{H*). This is true for k = I. Assume (1X9]) 
for A; = / < iV and substitute (fXSl) into fOjl . Then 

(A.IO) 

izi+i - \zi+i 

=izi -Xzi+ Yl ((^- - A(m - n - 1))/^, 7^ Jz™^'^ 

m+n=l 

+ {rnz'^~^z'^{ii - \z) - nz^'z'^-^ii - Xz)') {/n, 7^),„)z™z". 

m+n=l 

Substituting ([Q]) into (|ATO]) and letting 

T^lnC'^) = RHz{{m - n - l)A)7g„(u;), 

we see that (IA.9P is true for = ^ + 1. Thus we complete the induction. By 
(f3^ . fA9l) with /c = + 1 and the fact that 

I^AT+i - z\= 0{z%j^^), 

WfN - fN\\m < k - u;o|(||e-"l"l/iv+i|ki + 

we have 
(A.ll) 

=rN+i{zN+i,zWVi) + E (^^;r'^(^o),7J53(^))^]^+iTO"+^ 

m+n=N+l 

I iV/J- (^)\ I /O /' I |2Af+2 I II -a|x|/2j ||2 \ 

+ ZN+1 {fN+i,roJ) + [\z\ ^ +\\e ' 'WAf+l||//ij 

+ 0(1..- u;o|(|zr lle-'^I^IWIlHi + . 

The standard theory of normal forms (see [Ij) tells us that by introducing a 
new variable 

Z = ^^Af+l + Cm,n('-^)^]v+l^iV+l' 
2<m+n<2Af+l 
m,?i>0, m—n^l 

we can transform (|A.lip into (j3.12p . Since r/vr+i is a real polynomial and 
^m,n^\oj) G Halls'^, for m, n G N with m + n = A + 1, it follows that 



30 



SCIPIO CUCCAGNA AND TETSU MIZUMACHI 



Cm,n(w) G M forn < 2iV and an{uJ, wq) G M for 1 < n < iV - 1 and by (fXTO]) 
with 

(A.12) 9a^(a;,L^o) = 9(i^H.o((iV + l)A + iO)cI>(^5,_o(cuo),7^5H)• 
□ 



Remark A.l. By = PV^+iTT5o{x), by \8] and by the fact that o(a;o) 
and 7q^(l(j) have real entries, we have 

9(i?H.„((iV + 1)AK) +iO)<_)i^o(a;o),7i5(^)) 
= vr(5o - (iV + l)A(a;o)) ^.J^^ol'^o), tJ^?!^)) 
If Hypothesis 13.51 fails because 

(A.14) 6{H^ -{N + l)A(^))cI>S;2i_o(a.) = 

identically in w, then by |12j the vector ^'^-^^(a;) is real and rapidly de- 
creasing to as |x| — > cxD. This suggests that we can continue the normal 
form expansion one more step. 
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